In this paper, semi-discretizations and full-discretization of the Leznov lattice are investigated via Hirota's bilinear formalism. As a result, two integrable semi-discrete versions and one fully discrete version for the Leznov lattice are found. Bäcklund transformations, nonlinear superposition formulae and Lax pairs for these discrete versions are presented.
Introduction
The nonlinear two-dimensional Leznov lattice given by [1] ∂ 2 ∂x∂y ln θ(n) = θ(n + 1)p(n + 1) − 2θ(n)p(n) + θ(n − 1)p(n − 1),
∂p(n) ∂y = θ(n + 1) − θ(n − 1),
is a special case of the so-called UToda(m 1 , m 2 ) system with m 1 = 1, m 2 = 2. If we set the variable transformations a(n) = p(n + 1), c(n) = θ(n + 1), then (1) and (2) can be transformed into the form a y (n) = c(n + 1) − c(n − 1), (3) b y (n) = a(n − 1)c(n − 1) − a(n)c(n), (4) 
which is a two-dimensional generalization of the Blaszak-Marciniak lattice [2, 3] a t (n) = c(n + 1) − c(n − 1), (6) 
In 1985, Kupershmidt proposed the following integrable lattice [4] :
q N,t (n) = q N (n)[q 0 (n + N ) − q 0 (n)].
Obviously, when N = 1, by the variable transformation q 1 (n) = e u(n)−u(n−1) , system (9) , (10) is nothing but the Toda lattice u tt (n) = e u(n+1)−u(n) − e u(n)−u(n−1) .
When N = 2, by the Miura-like transformation q 0 (n) = −b(n − 1), q 1 (n) = a(n − 1)c(n − 1), q 2 (n) = c(n)c(n − 1). (12) the system (9)-(10) can be transformed into the three-field Blaszak-Marciniak lattice (6)- (8) . From above observation we can see that two dimensional Toda lattice u ts (n) = e u(n+1)−u(n) − e u(n)−u(n−1)
is different from the two-dimensional Leznov lattice since their one-dimensional versions correspond to different N values in the Kupershmidt lattice (9)- (10) . For the two-dimensional Toda lattice, its integrable discretization form is the famous fully discrete KP equation (or Hirota-Miwa equation). It is quite natural and reasonable for us to consider integrable discrete versions for the two-dimensional Leznov lattice from the point of mathematical structure and substantial physical application. The purpose of this paper is to propose some discrete versions for the two-dimensional Leznov lattice. Until now, much attention has been paid to the problem of integrable discretizations of integrable systems. (See, e.g., [5] - [9] and references therein). It is highly nontrivial and of considerable interest to find integrable discretizations for integrable equations. Various approaches to the problem of integrable discretization are currently available. One of them is Hirota's approach [10] - [15] . Traditionally, Hirota's discretization of integrable equations is based on gauge invariance and soliton solutions. Here, we emphasize on discretizing integrable equations such that the resulting discrete bilinear equations have bilinear Bäcklund transformations. As a bonus, by doing so, we can usually derive Lax pairs for the resulting discrete equations. This method has been successfully applied to the discretization of 2+1 dimensional sinh-Gordon equation [16] . It is well known that a variety of nonlinear integrable equations share many common features, among which are so called Bäcklund transformations(BTs) and their associated nonlinear superposition formulae [17, 18, 19] . We can usually derive the nonlinear superposition formulae from the commutability of BTs. In the paper, we will show that the obtained semi-discretizations and full-discretization of the Leznov lattice do have such nice properties.
The content of the paper is organized as follows. In section 2, an y-discrete version of the Leznov lattice is found. A BT and the corresponding nonlinear superposition formula and Lax pair are shown. In section 3, an x-discrete version of the Leznov lattice is found, its associated BT, superposition principle and Lax pair are given. Furthermore, a fully discrete version of the Leznov lattice is worked out in section 3. It turns out that the resulting fully discrete version of the Leznov lattice has a BT, nonlinear superposition formula and Lax pair. In section 4, conclusion and discussions are given. Finally we list some bilinear operator identities which are used in the paper in the appendix.
Integrable semi-discrete version of the Leznov lattice in y-direction
By the dependent variable transformation [20] 
by introducing an auxiliary variable z and using (A31) from Appendix, we can decouple (14) into the bilinear form :
we remark that the technique of introducing auxiliary variables and then transforming multilinear equations into bilinear equations is typical in Hirota's bilinear formalism. The Hirota bilinear differential operator D m y D k t and the bilinear difference operator exp(δD n ) are defined by [21] , respectively,
In this section, we consider an integrable semi-discretization of the Leznov lattice (1)- (2) . First of all, we propose the following bilinear equations
By some calculations, it is shown that in the continuum limit as δ → 0, the system (17)- (18) is reduced to the Leznov lattice (15)- (16) . Therefore the system (17)- (18) serves as a y-direction discrete version for (15)- (16) . For simplicity we take δ = 1 and rewrite variable y by m in the following discussion. In this case, the system (17)- (18) becomes
By the dependent variable transformation
the bilinear equations (19)- (20) can be transformed into the following nonlinear form
In fact, from (21) we can easily derive (22) . In order to obtain (23), we need to use bilinear operator identity (A32) from which it follows that
where we have used (19) and (20) . By some calculations, we can deduce (23) from (24). Since we are looking for integrable discretization of the Leznov lattice, we need to show integrability of (19)- (20) . The justification to this is via Bäcklund transformation and Lax pair. We will show that (19) - (20) is integrable in the sense of having a Bäcklund transformation and Lax pair. Concerning bilinear equations (19) - (20), we have the following result: (19) and (20) is 
where λ, µ, γ and β are arbitrary constants.
Proof. Let f (m, n) be a solution of Eqs. (19) and (20) . If we can show that Eqs. (25)-(27) guarantee that the following two relations:
hold, then Eqs. (25)-(27) form a Bäcklund transformation.
By use of (25)-(27), (A33), (A34), (A35), we have
Thus we have proved that (28) holds. Similarly
Thus we have completed the proof of proposition 1.
Using (25)-(27), we can easily obtain the following solution from the trivial solution f (m, n) = 1: (25)- (27), we have the following result:
Proposition 2. Let f 0 be a solution of the semi-discrete Leznov lattice (19)-(20). Suppose that f i (i = 1, 2) is another solution of (19)-(20) which is related to f 0 under BT (25)-(27) with parameters (λ
with κ being a non-zero constant, is a new solution which is related to f 1 and f 2 under the BT (25)- (27) with parameters
As an application of the results, we can construct soliton solution of the semi-discrete Leznov lattice in y-direction. Choose, for example, f 0 = 1, κ = 1/(λ 1 − λ 2 ). It can be easily verified that
where
In Fig. 1 and Fig. 2 , we show the plotting of the 2-soliton solution u x and v x respectively, plotted with
(a) (b)
Starting from the bilinear BT (25)- (27), we can derive a Lax pair for the system (22)- (23) . Firstly, set
in (25)-(27). Then from the bilinear BT (25)-(27) and after some calculations, we can obtain the following Lax pair for (22)- (23):
By differentiating eq. (31) with respect to x and by use of (32) to eliminate ψ m+1,x , ψ m+1,n+1,x , ψ m−1,x , also by use of (31) to express ψ m−1,i by ψ m+1,i and ψ m+1,i+1 (i = n − 2, n − 1, n), we can find that the coefficient of λ 2 ψ m+1,n−1 is just (23) . Together with the coefficient of λψ m+1,n we can obtain (22) . So the compatibility condition of (31) and (32) yields the semi-discrete system (22)-(23).
Integrable semi-discrete version of the Leznov lattice in x-direction
Similar to section 2, we first propose the following bilinear equations:
By some calculations, it is shown that in the continuum limit as → 0, the system (33)- (34) is reduced to the Leznov lattice (15)- (16) . Therefore the system (33)-(34) serves as a x-direction discrete version for (15)- (16) . For simplicity we take = 1 and rewrite variable x by k in the following discussion. In this case, the system (33)- (34) becomes
Through the dependent variable transformation
the bilinear equations (35)- (36) can be transformed into the following nonlinear form
In fact, from (37) we can easily derive (38). In order to obtain (39), we need to use bilinear operator identity (A38) from which it follows that
where we have used (35) and (36). By some calculations, we can deduce (39) from (40).
Concerning the bilinear equations (35)- (36), we have the following results:
Proposition 3. A bilinear BT for equation (35) and (36) is
where λ, µ, γ and β are arbitrary constants. 
hold, then Eqs. (41)-(43) form a Bäcklund transformation. In analogy with the proof already given in [20] , we know that P 1 = 0 holds. Thus it suffices to show that P 2 = 0. In this regard, by using (A33), (A39), (A40), we have
Thus we have completed the proof of Proposition 3.
Using (41)- (43), we can easily obtain the following solution from the trivial solution f (m, n) = 1:
where η = pn + ( Starting from the bilinear BT (41)-(43), we can derive a Lax pair for the system (38)-(39). Firstly, set
in (41)-(43). Then from the bilinear BT (41)-(43) and after some calculations, we can obtain the following Lax pair for (38)-(39):
Similar to the deduction of compatibility in the above section, by differentiating eq. (47) with y and substitute (48) into the differential expression to eliminate ψ k+1,y , ψ n+2,k+1,y , ψ n+1,k+1,y , ψ k−1,y , it can be shown that the compatibility condition of (47)-(48) generates the system (38)-(39).
Integrable fully-discrete version of the Leznov lattice
First of all, we propose the following bilinear equations
In the continuum limit as → 0 and δ → 0, the system (49)-(50) is reduced to the Leznov lattice (15)- (16) . Therefore the system (49)-(50) serves as a full-discrete version for (15)- (16) . For simplicity we take = 1, δ = 1 and rewrite variable y by m and x by k in the following discussion. In this case the system (49)-(50) becomes
Through the independent variable transformation
eqs. (51) and (52) can be transformed into the nonlinear form
In fact, from (53) we can easily derive (55). In order to obtain (54), we need to use bilinear operator identity (A41) from which it follows that
(56) where we have used (51) and (52). By some calculations, we can deduce (54) from (56).
Concerning the bilinear equations (51)- (52), we have the following results:
Proposition 5. A Bäcklund transformation for the fully discrete Leznov lattice (51)-(52) is
Proof. Let f (n) be a solution of Eqs. (51) and (52). What we need to prove is that the function g satisfying (57)-(59) is another solution of Eqs. (51) and (52), i.e.,
In the section 2, we have proved that (60) holds. Thus it suffices to show that P 2 = 0. In this regards, by (A42)-(A43), we have
Thus we have completed the proof of Proposition 5.
Using the BT (57)- (59), we can obtain the following solution from the trivial solution f (m, n, k) = 1:
where η = parameters (λ i , µ i , γ i , β i ) i.e.,
is a new solution which is related to f 1 and f 2 under the BT (57)- (59) with parameters (λ 2 , µ 2 , γ 2 , β 2 ), (λ 1 , µ 1 , γ 1 , β 1 ) , respectively.
In the following, we derive a Lax pair for the fully discrete Leznov equation (51)- (52). Let
Then from eqs. (57)- (59) we can obtain
In the above, we have denoted 
Conclusion and discussions
In this paper,we have presented two semi-discrete integrable versions and one fully discrete integrable version for the Leznov lattice. Corresponding BTs, nonlinear superposition formulae and Lax pairs are derived. Based on these obtained results, it is natural to further consider some other integrable properties such as determinant structures of N-soliton solutions for these semi-discrete and fully discrete integrable versions of the Leznov lattice. Besides, it would be interesting to work out their pfaffian versions for these semidiscrete and fully discrete Leznov lattice. Finally it is noted that in the paper the semi-discrete and fully discrete forms are always compared with bilinear equations (15)- (16) . It is natural to inquire what are discrete analogues of (1)- (2) and what are the discretizations of p and θ. In order to answer these, let us first consider y-directional discrete version of the Leznov lattice (17)- (18) . In this case, we have the following equation, by use of (A32) with D m = δD y ,
From (65) and (66), we can easily derive y-directional discretization of the Leznov lattice (1)- (2) 1 2δ
We now turn to consider x-directional discrete version of the Leznov lattice (33)-(34). In this case, by the following dependent variable transformation
and by use of (A38) with D n = D x , we have from (33)- (34) the following x-directional discrete version of the Leznov lattice (1)- (2) 
Similarly we can also further consider fully discrete version of the Leznov lattice (1)- (2) by the dependent variable transformation
and by use of (A41) with D k = D x and D m = δD y . In fact, from (49)-(50), we have
It can be easily verified that when δ → 0, the above system becomes (67)-(69).
Analogous to the deduction in [22] and [23] , we can show that
2 Dn + 2e 
Thus, in order to prove Proposition 2, it suffices to show that
Since f 1 and f 2 are two solutions of (19), we have, by using (30), (A34)-(A37) and f 0
so we have
Similarly,
which means that
Since f 1 and f 2 are two solutions of (20), we have, by use of (30),(A8), (A9),that
which implies that (A6) holds. Similarly, we can show that (A7) also holds. Therefore, we have completed the proof of Proposition 2.
A.2 Proof of Proposition 4:
Thus, in order to prove Proposition 4, it suffices to show that
we can deduce that [24] [
Since f 1 and f 2 are two solutions of (35)-(36), we have, by using (46), (A10), (A15), (A19), and f 0 
+2(e 
we can deduce that [24] kD z e 
